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Steel railroad rail resting on
timber cross ties. Elastic
foundation consists of the
ties, the ballast and the
subgrade.

Thin-walled circular cylinder
subjected to rotationally
symmetrical loads.
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greatly exaggerated
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Continuous or
discontinuous (discrete).

Linear or nonlinear.




Linearly Elastic Foundation Models

Winkler Model {1867)
The intensity of the pressure [reaction) developed at

any point is proportional

to the deflection of the T

beam at that point. It is W}
independent of the

pressure at nearby joints. vy Pr ujoocd

Foundation consists of a series of independent
springs (one-parameter foundation)

Deflection at every point of the
foundation is proportional to the
pressure applied at that point. It
is independent of the pressures

Winkler foundation

at nearby points.
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Linearly Elastic Foundation Models
Winkler Model {1867)

Deflection at every point of the
foundation is proportional to the
pressure applied at that point. It
is independent of the pressures
at nearby points.
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Winkler foundation

j:lf = kv where k= foundation modulus - force/unit area
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Pasternak Model (1954

Elastic layer - Winkler springs connected by a shear

layer with stiffness K;[two-parame i
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Governing Equations for a Straight
Beam on a Winkler Foundation

Static Relations - Equilibrium
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Governing Equations for a Straight

-7 Beam on a Winkler Foundation
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Governing Equations for a Straight
Beam on a Winkler Foundation

Kinematic Relation
% x,=-g:-‘2'-:| Beam ] —:-| H—
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Governing Equations for a Stra!qht Governing Equations for a Straight

Beam on a \Winkler Foundation Beam on a Winkler Foundation

General Solution
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% v=el2(C, cos fz+ C, sin iz
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Governing Equation
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for uniform beams

+e~P (C, cos iz + C4 sin fz)+v,
where V= particular solution.
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Governing Equations for a Straight

Beam on a \Winkler Foundation

In terms of hyperbolic functions

w=[[Cy+Cy|cos Pz+[Cy+Cy)sin Peleosh Pz

#[(Cy + Cg)cos fz+([C 4+ Cy)sin fiz] sinh [z
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Infinite beams with
concentrated loads

Semi-infinite beams
with concentrated loads

Beams of finite length

Distributed loads




i lnﬁnlte Beams w:th Cncentrated Loads, vp=0

The origin is selected to
be at the location of the

concentrated load P

The deflection, slope, shear
and moment are assumed to

be zero at the ends.
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Conditionsat z=0
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The expression for the displacement of v

v= g—se“ﬂ'[cnuﬂz-inln Bz)7]

can be written in the form
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W=

— Itis a damped sinusoid.
— The wavelength A, is given by

L=

H

If the wavelength &,, is much smaller than the
length of the beam, then the beam can be
considered to be of infinite length.

*® The origin is selected to be at the loaded end.
® The deflection, slope, shear and moment are assumed
to be zero at the far end.
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Beams of Finite Length Subjected to Concentrated

Load at the Center

The origin is selected at the center

Conditions at the center P
dv _ =P
y=0 , V,=3 by~
Conditions at z =+L/2
V!, =0
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For a beam of finite length L subjected to a concentrated
load at the center, if the origin is selected at the center

Ve=

2k sinpL+sinhfiL
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For a beam of finite length L subjected to a concentrated

-
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load at the center, if the origin is selected at the center
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Infinite Beams Subjected to Distributed Loads
The loading is uniform over a central

region, and the intensity is Py
The loading on an element dz

produces a displacement dv at
point A
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Infinite Beams Subjected to Distributed Loads
The loading is uniform over a central
region, and the intensity is Py
The loading on an element dz
produces a displacement dv at
point A B
dv = po dz o e~ (cos pz + sin pz) [

The total displacement at point A is given by

Infinite Beams Subjected to Distributed Loads
The total displacement at point A is given by

T,

Vp= %f : e~ P{cos iz + sin pz)az

+ 1[: E'Bﬁ{cns [z + sin [iz)dz

a
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0

where a and b are the distances from point A to the

extremities of the loaded area
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v=32[2-e cospa-e cospbl[]

The total bending moment is given by
M = ‘::;'2 [e7#2 sin pa + e sin pb][]
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Inr' inite Beams Subjected to Distributed Loads ! InF nite Beams Sublected to Distrlhuted Loads

At the midpoint of the loaded area, a=b =L/2 Dafine the faur fonations:
P = BL . = -
Vo= == |1—e L2 nnsT]j |""-"3"‘|"'%'-"'2"‘|I:lu ) 4 |Ap=e B"[l:ﬂsllz-l-sinl}z]:]‘ L2 |--uz--|pu
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If L is large, the above formulas reduce to c Bz = e~z (cos Pz -sin Pz} :]
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_| Infinite Beams Subjected to Distributed Loads

Infinite Beams Subjected to Distributed Loads
Define the four functions:

=fobl _|:Aﬂzdz+jnhnﬂ,dz]
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Define the four functions:
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The equation is of the same form as that for beam on
clastic foundation
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Simply supported beam of finite length on Winkler
Foundation, subjected to uniformly distributed loading

v=(A 4 cos fz+A ,sin f3z)cosh sz
+ (A 3 cos Bz + A 4 sin Bz)sinh 3z

Choosing the origin to be at the center, then
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Symmetry Conditions
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Symmetric (Even) Functions

cos bz ., cosh iz . cos [fzcosh Pz :I

[
1
% sin iz sinh iz i "\
n e A Viinite 1
% Antisymmetric (Odd) Functions ] Y Vintinite |
T los —_—————— 10
% sin bz . sinh Pz . sin [z cosh [z ] %
cos [z sinh [fz .
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